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Upper Bounds on the Distance Between Groups and Quasi-groups
MARKKU NIEMENMAA
We introduce a new approach which makes it possible to compute upper bounds on the distance
between groups and quasi-groups with the same underlying set. Our approach is based on the fact
that the group (Zp, +) can be transformed into a quasi-group by using a set of permutations. As
an application we compute upper bounds on the distance when the number of elements in the
underlying set is a small prime: for example, distance (101) ~ 26.
1. INTRODUCTION
Let (H, +) be a group and (H, .) a quasi-group different from (H, +) with the same
underlying set H. Now we write
d«H, +), (H, .» = card{(a, b) E H 2 1a + b -# a' b}.
Let n be an integer, n ~ 2. We put
dist(n) = min{d«G, +),(G, .»},
where (G, +) ranges over all groups of order nand (G, .) over all quasi-groups with the
same underlying set such that (G, +) -# (G, -), We say that dist(n) is the distance between
groups and quasi-groups of order n.
Let n be a positive integer (n ~ 2) and p a prime number which divides n. Now every
group of order n has a subgroup of order p and this clearly means that dist(n) ::::; dist(p).
Thus it is reasonable to consider first the values of dist(p). It is fairly easy to see that
dist(2) = 4, dist(3) = 6, dist(5) = 8 and dist(7) = 9. The purpose of this paper is to
introduce a method for computing upper bounds on dist(p), where p is a prime number,
p ~ 11. Our method is based on the fact that the group (Zp, +) can be transformed into
a quasi-group by using a set of permutations which act on the set {O, . . . , p - I}. We try
to choose these permutations in such a way that the total number of fixed points is as large
as possible.
Finally, we wish to point out that the numbers dist(n) play an important role in the
problem concerning the largest possible number of associative triples of elements in finite
non-associative quasi-groups (see [I)). Other properties of dist(n) were studied in [2]and [3].
2. THE ROLE OF PERMUTATIONS
Consider the group (Zp, +) and its multiplication table, where the first row is
(0 1 . . . p - I), the second row is (l 2 . . . 0) and the last row is (p - 1 0 ... p - 2). Let
A = {O, 1, . . . , p - I} and let g be the permutation on A which maps 0 -+ I, I -+ 2, ... ,
p - 1 -+ O. Now the rows in the multiplication table can be presented in the form A,
g(A), . . . , gP-1(A). This is transformed into a table of a quasi-group (latin square) by
letting a permutation act on each row, say Po(A), P1g(A), .. . , Pp _ 1gP-1(A).
Furthermore, these permutations must satisfy the condition
IjgJ(x) -# Pigi(X),
whenever i -# j and x E A . Thus
p;-J IjgJ-i(x) -# x,
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Ij-l P;(x) 1= x + j - i mod p, (C)
for every x E A, i =I- j.
A set Po, ... ,Pp- l of permutations satisfying the condition (C) is called a set of
Q-permutations.
Now we first write
c(P;) card{xEAIP;(x) =I- x}
and then
p-l
«r; ... ,Pp-d = L: c(P;).
;=0
We say that c(Po, ... , Pp-d is the total number of changes in the set of permutations
Po, ... , Pp_ I ' In order to find the distance between (Zp, +) and quasi-groups of order p
we have to find such a set of Q-permutations that the total number of changes is as small
as possible. We have not been able to solve this optimization problem; instead we have
found a set of Q-permutations which has a 'rather' small total number of changes. Our set
contains several identity permutations, some transpositions and four cycles. This set of
Q-permutations is introduced in the following section.
1 ~ a ~ (p - 3)/2,
3. A SET OF Q-PERMUTATIONS
Let n be an integer, n ~ 4 and let '1' , 'n and a be integers such that
o ~ '1 < '2 < < 'n ~ P - 1,
" - '1_1 = (t = 3, ... , n - 1).
(1)
(2)
(3)
(4)
p - a --+ O.
Now denote r, - '1 = d and 'n-I - '2 = e (thus d = e + 2a). After this we shall define
a set of permutations Po, ... , Pp_ 1 in the following way:
P; = identity permutation, whenever i =I- '1' ... , 'n'
Prl is defined to be the following cycle: 0 --+ d --+ 2d --+ ... --+ md
Pr2 is defined to be the following cycle:
o --+ p - a --+ p - a + e --+ ... --+ p - a + ke = p - I --+ O.
PrJ' ... , Prn_ 2 are transpositions: 0 --+ p - 1 --+ O.
Finally, Prn_ t = Pr~1 and Prn = Pr~l.
We point out that in our construction m is an integer, m ~ 1 and k is an integer, k ~ 0
(if we choose a = 1, then k = 0). Ofcourse, this construction also depends on the different
choices for a, d and e. It is now a routine matter to check by using condition (C) from
Section 2 that the permutations Po, ... ,Pp- 1 defined in this section form a set of
Q-permutations.
4. UPPER BOUNDS
By considering the total number of changes in the set of permutations Po, ... , Pp- 1
defined in the previous section we obtain the following:
Distance between groups and quasi-groups
THEOREM 1. Now dist(p) ~ D(p), where
D(p) = minimum value of (2m + 2k + 2e + 4),
subject to
{
md == p - a mod p,
ke == a-I mod p.
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Now recall that d = e + 2a. We put md = p - a, ke = a-I and we have
p = 2mke + me + ke + 2m + 1. Thus this leads to the following:
THEOREM 2. Now dist(p) ~ D(p), where
D(p) = minimum value of (2m + 2k + 2e + 4),
subject to
p = 2mke + me + ke + 2m + 1.
By using Theorem I and a computer we have obtained upper bounds on dist(p), when
p is a small prime. Some values are given in Table I.
TABLE I.
Upper bounds on dist(p)
p 5 7 11 13 17 19 23 29 31 37 41 43
dist(p) ~ 10 10 12 14 14 14 16 16 18 18 18 20
p 47 53 59 61 67 71 73 79 83 89 97 101
dist(p) ~ 20 20 22 22 24 22 22 22 24 24 24 26
Finally, we consider a special case: if p is a prime such that p - I is a square of an integer
(17, 37, WI, ...), then we can choose a = I, k = 0 and m = d =~. Since
e = d - 2a, we have the following:
COROLLARY. IfP = I + b', then dist(p) ~ 4b.
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